A general convergence theorem for the Ishikawa fixed point iteration procedure in a large class of quasi-contractive type operators is given. As particular cases, it contains convergence theorems for Picard, Krasnoselskij and Mann iterations, theorems which extend and generalize several results in the literature.
Introduction
In the last four decades, numerous papers were published on the iterative approximation of fixed points of self and nonself contractive type operators in metric spaces, Hilbert spaces or several classes of Banach spaces, see for example the recent monograph [1] and the references therein. While for strict contractive type operators, the Picard iteration can be used to approximate the (unique) fixed point, see e.g. [1] , [15] , [26] , [27] , for operators satisfying slightly weaker contractive type conditions, instead of Picard iteration, which does not generally converge, it was necessary to consider other fixed point iteration procedures. The Krasnoselskij iteration [16] , [6] , [13] , [14] , the Mann iteration [17] , [9] , [20] and the Ishikawa iteration [11] are certainly the most studied of these fixed point iteration procedures, see [1] .
Let E be a normed linear space and T : E -> E a given operator. Let xo € E be arbitrary and {a n } C [0,1] a sequence or real numbers. The sequence {a; n }£L 0 C E defined by (1.1) x n+ i = (1 -a n )x n + a n Tx n , n = 0, (1.1) reduces to the so called Krasnoselskij iteration, while for a n = 1 we obtain the Picard iteration or method of successive approximations, as it is commonly known, see [1] . Obviously, for /3 n = 0 the Ishikawa iteration (1.2) reduces to (1.1) .
The classical Banach's contraction principle is one of the most useful results in fixed point theory. In a metric space setting it can be briefly stated as follows. Theorem B has many applications in solving nonlinear equations, but suffers from one drawback -the contractive condition (1.3) forces T be continuous on X. In 1968 R. Kannan [12] , obtained a fixed point theorem which extends Theorem B to mappings that need not be continuous, by considering instead of (1.3) the next condition: there exists b 6 (0,1/2) such that
Following Kannan's theorem, a lot of papers were devoted to obtaining fixed point theorems for various classes of contractive type conditions that do not require the continuity of T, see for example, Rus [26] , [27] , and references therein. One of them, actually a sort of dual of Kannan fixed point theorem, due to Chatterjea [7] , is based on a condition similar to (1.5) : there exists c € (0,1/2) such that (1.6) d (Tx, Ty) < c[d(x, Ty) + d(y, Tx) }, for all x, y € X.
It is known, see Rhoades [22] that (1.3) and (1.5) , (1.3) and (1.6), respectively, are independent contractive conditions. 
Then T has a unique fixed point p and the Picard iteration defined by
%n+i -Tx n , n = 0,l,2,...
converges to p, for any XQ € X.
REMARKS. An operator T which satisfies the contractive conditions in Theorem Z will be called a Zamfirescu operator. Rhoades [20] , of the class of strictly (strongly) pseudocontractive operators, extensively studied by several authors in the last years. For the case of pseudocontractive type operators, the pioneering convergence theorems, due to Browder [5] and Browder and Petryshyn [6] , established in Hilbert spaces, were successively extended to more general Banach spaces and to weaker conditions on the parameters that define the fixed point iteration procedures, as well as to several classes of weaker contractive type operators. For a recent survey and a comprehensive bibliography, we refer to the author's monograph [1] .
Harder and Hicks [10] introduced a concept of stability for fixed point iteration procedures and proved that, in a complete metric space setting, the Picard iteration is stable with respect to the class of Zamfirescu operators. The same authors proved that, in a linear normed space, certain Mann iterations are stable with respect to any Zamfirescu operator.
Rhoades [25] , Theorem 31, completed the previous results, showing that the Ishikawa iteration converges to the fixed point of, and is stable with respect to, Zamfirescu operators.
Some of the convergence results in Rhoades [20] and [21] were very recently extended from uniformly convex to arbitrary Banach spaces, by si-multaneously weakening the assumptions on the sequence {a n } which is involved in the definition of the aforementioned fixed point iterations, see Berinde [3] , [4] .
The author, starting from the fact that all important fixed point iterations (Picard, Mann, Ishikawa and, in particular, Krasnoselskij) can be used to approximate fixed points of Zamfirescu operators, has showed in [2] that the Picard iteration converges faster than Mann iteration, as suggested by some empirical studies reported in Berinde [1] .
Motivated by such a rich literature concerning Zamfirescu operators, the present paper proves a general convergence theorem for the Ishikawa iteration in the larger class of mappings satisfying (2.1), that contains the class of Zamfirescu operators.
The main result
Let E be an arbitrary Banach space and T : E -• E an operator for which there exist 0 < 5 < 1 and L > 0 such that It is known, see Osilike [18] that the operators satisfying (2.1) need not have a fixed point but, if F(T) = {x G E : Tx = x} ± 0, then F{T) is a singleton.
A careful analysis of the proofs in [3] and [4] shows that all arguments in proving the convergence theorems there work if we consider, instead of Zamfirescu operators, the operators that have at least one fixed point and satisfy (2.1).
The main result of this paper is given by the next theorem.
THEOREM 1. Let E be a normed linear space, K a closed convex subset of E, and T : K -> K an operator with F(T) ^ 0, satisfying (2.1).
Let {x n }£L 0 be the Ishikawa iteration defined by (1.2) and xo € K, arbitrary, where {a n } and {/3 n } are sequences in [0,1] with {a n } satisfying oo (i) a n = OO.
n=0
Then {x n } converges strongly to the unique fixed point ofT.
Proof. Let p be the unique fixed point of T and {x n }^L 0 be the Ishikawa iteration defined by (1.2) and xo € K arbitrary. Then (2.2) ||x n+ i -p|| = ||(1 -a n )x n + a n Ty n -(1 -a n + a n )p\\ = = W(1 -a n )(x n -p) + a n (Ty n -p)\\ < < (1 -a n )\\x n -p\\ + a n \\Ty n -p\\.
With x := p and y := y n , from (2.1) we obtain (2.3) \\Tyn-p\\<S-\\y n -p\\.
Further we have
Again by (2.1), this time with x \-p\y := x n , we find that If we take {/3n} = 0 in Corollary 2, we obtain the main result in [3] . Then {xn}£L0 converges strongly to the fixed point ofT.
REMARKS.
1) Theorem 1 also contains Theorem 5 of Osilike [19] and Theorem 2 of Osilike [18] , where more restrictive conditions on {an} are imposed, i.e., 0 < a < an for some a, in [19] , and Y^j=o rifc=j+i(l -a/c + <" > otk) converges, in [18] , where 6 is that in (2.1).
2) Since Kannan's and Chattejea's contractive conditions are both included in the class of Zamfirescu operators, by Theorem 1 we obtain corresponding convergence theorems for the Ishikawa iteration in these classes of operators.
3) The contractive condition of Kannan (1.5 ) is a special case of that of Zamfirescu, Theorems 2 and 3 of Kannan [12] are special cases of Theorem 1, with a n -1/2 and ¡3 n = 0. Theorem 3 of Kannan [13] is the special case of Theorem 2 with a n = A, 0 < A < 1 and (3 n = 0. Note, however, that all results of Kannan [12] , [13] are obtained in uniformly Banach spaces, like Theorem 8 of Rhoades [18] and Theorem 4 of Rhoades [17] , which are extended by Corollary 2 and Corollary 3, respectively. 4) I view of our paper [2] , where a comparison of the Picard and Mann iterations is provided, and based on similar arguments to those used in. the papers [3] - [4] , we can compare the Picard, Krasnoselskij, Mann and Ishikawa iterations, in the more general context of the operators satisfying (2.1). The expected conclusion is that in this class of operators and, consequently, in the class of Zamfirescu operators, too, the best one amongst Picard, Krasnoselskij, Mann and Ishikawa fixed point iteration procedures, is the Picard iteration. 
